ABSTRACT. We prove that algebraic G-theory is representable in unstable and stable motivic homotopy categories; in the stable category we identify it with the Borel-Moore theory associated to algebraic Ktheory, and show that such an identification is compatible with the functorialities defined by Quillen and Thomason.
1. INTRODUCTION 1.0.1. The study of Algebraic G-theory (or K ′ -theory) originated from Grothendieck's definition of the group G 0 in [SGA6, IV 2.2], which associates to a noetherian scheme X the Grothendieck group of the abelian category of coherent sheaves on X. It was Quillen who first defined higher G-groups for noetherian schemes in [Qui73, §7] , in the same way as he defined higher K-groups. He proved some properties of G-theory which fail to hold for K-theory in general, including homotopy invariance and localization property. This definition was generalized to all schemes by Thomason ([TT90] ) by combining Waldhausen's construction ( [Wal83] ) and Grothendieck's work in [SGA6] , which for noetherian schemes agrees with Quillen's definition. Thomason improved the functoriality of G-theory, and his definition is widely used together with his reformulation of algebraic K-theory.
1.0.2. Ever since its birth, G-theory has been conceived as a cohomological theory that accompanies K-theory, and the two theories share many properties such as Brown-Gersten property and projective bundle formula. The definition of the two are quite similar as well: for example in Quillen's definition, G-theory is constructed in the same way as K-theory by replacing vector bundles by coherent sheaves; since any coherent sheaf over a regular noetherian scheme has a finite resolution by vector bundles ([SGA2, VIII 2.4]), it follows that Quillen K-theory and G-theory agree over regular schemes (which also turn out to be the same as Thomason K-theory). We recall some important properties of (Thomason) G-theory, due to Quillen, Nisnevich and Thomason: Recall 1.0.3 (Properties of G-theory). For any scheme X, denote by G(X) Quillen-Thomason's Gtheory spectrum ([TT90, 3.3] ), whose homotopy groups G n (X) are G-theory groups. Then the following properties hold:
(1) (contravariant functoriality) For any morphism of schemes f : X → X ′ of finite Tor-dimension, 1 there is a map f * : G(X ′ ) → G (X) . ([TT90, 3.14.1]) (2) (proper functoriality) For any proper morphism between noetherian schemes f : X → X ′ there is a map f * : G(X) → G(X ′ ). ( [TT90, 3.16 .1]) (3) (homotopy invariance) For any noetherian scheme X, the pull-back by the canonical projection induces a homotopy equivalence G(X) In other words, there is a long exact sequence of G-theory groups
(1.0.3.4) ([Qui73, §7 3.2]) (6) (action by K-theory) For any noetherian scheme X there is a map K(X) ∧ G(X) → G (X) which makes G(X) a module over K (X) , which is compatible with the contravariant functoriality. ([TT90, 3.15 .3]) (7) (coincidence with K-theory for regular schemes) For any regular noetherian scheme X, there is a canonical homotopy equivalence K(X) ≃ G (X) . ([TT90, 3.21]) (8) (projective bundle formula) Let X be a noetherian scheme and E be a vector bundle of rank r over X. Denote by p : P(E) → X the projection of the projective bundle associated to E and α ∈ K 0 (P((E)) the class of the line bundle O(1). 2 Then the map
The condition is to be understood in the sense of [Qui73, Section 7 2.5], where a morphism f : X → Y has finite Tordimension if OX has finite Tor-dimension as a module over f −1 (OY ), which is slightly stronger than the condition of being perfect, see [SGA6, III 4 .1].
2 Throughout the article, we use the convention P(E ) = Proj(Sym (E ∨ )), the projectivization of the symmetric algebra of the dual of its sheaf of sections.
1.0.4. On the other hand, in the framework of motivic homotopy theory developed by Morel and Voevodsky ( [MV99] ), it is known that Borel-Moore theories have similar functorialities: they are covariant with respect to proper morphisms and contravariant with respect to local complete intersection morphisms, and possess a localization sequence in the form of (1.0.3.4) (see [Dég18] , [Jin16] ). Since Gtheory is a module over K-theory ring spectrum and agrees with the latter for regular schemes, the properties enlisted in Recall 1.0.3 suggest that G-theory should be considered as a Borel-Moore theory associated to K-theory seen as a cohomology theory. The main purpose of this paper is to prove such a result, using the six functors formalism established in [Ayo07] and [CD19] .
1.0.5. The first problem concerning G-theory in motivic homotopy categories is representability problem, which is already well-studied for Thomason's K-theory: Morel and Voevodsky showed in [MV99, Theorem 4.3.13] that over a regular noetherian base scheme S, K-theory is represented in the pointed A 1 -homotopy category H • (S) by the group completion of the infinite Grassmannian space Z × Gr; the representability can be promoted to the stable homotopy category SH(S), where K-theory is represented by a P 1 -spectrum KGL S constructed from Z × Gr in [Voe98] (see [Rio06] , [PPR09] ).
1.0.6. In Section 2 we follow the same steps to deal with G-theory over an arbitrary noetherian base scheme S: we first show the representability of G-theory in H • (S) (Corollary 2.2.7). The model we construct uses axioms of a module over the K-theory spectrum of free vector bundles, which is used to construct a strict model for the proper functoriality. We then imitate Voevodsky's construction to obtain an object GGL S in SH(S) (Definition 2.2.12), show that GGL S is indeed an Ω-spectrum (Corollary 2.2.15), and therefore deduce the representability of G-theory in SH(S) by GGL S : Theorem 1.0.7 (see Corollary 2.2.16). The spectrum GGL S represents the G theory in the stable homotopy category SH(S). In other words, for any smooth S-scheme X, there is a natural isomorphism
(1.0.7.1) 1.0.8. Then it comes to study the functorialities of G-theory as a Borel-Moore theory. Apart from the proper functoriality, there is a refined Gysin functoriality for abstract Borel-Moore theories, which has been constructed in [Dég18] in for oriented theories (see Recall 3.3.1) and recently generalized in [DJK18] to a more general setting. We would like to identify these functorialities with the ones of G-theory in Recall 1.0.3.
1.0.9. In Section 3, we study functorial behaviors of the spectrum GGL S . In Section 3.1 we establish its contravariance with respect to the exceptional inverse image functor f ! . There are two simple cases: on the one hand, it follows from the proper functoriality of G-theory and our definition that for any proper morphism p : W → X, there is a canonical map φ p : p * GGL W → GGL X ; on the other hand, for any open immersion j : U → X there is a canonical identification j * GGL X ≃ GGL U by restriction to an open subset. We show that these two cases can be glued, and with some extra work studying the case of projective morphisms, we obtain: Theorem 1.0.10 (see Proposition 3.1.11). For any separated morphism of finite type f :
1.0.11. In Section 3.2, we show that for smooth morphisms, the map obtained above agrees with another isomorphism obtained from Bott periodicity and purity isomorphisms (see Proposition 3.2.13). The proof uses compatibility between Gysin morphisms to show the quasi-projective case, and deduce the general case by noetherian induction. In Section 3.3 we apply the results above to show the compatibility between functorialities: over a regular base scheme, we identify G-theory with the Borel-Moore theory associated to K-theory, and deduce the following result: Acknowledgments. The author would like to thank Frédéric Déglise suggesting this problem during his PhD thesis, and Denis-Charles Cisinski for many discussions and ideas. He would like to thank Alberto Navarro for a remark on orientations, and Adeel Khan for pointing out some errors in a preliminary version.
Notations and Conventions.
(1) Throughout the article we assume that all schemes are noetherian.
(2) A smooth morphism stands for a separated smooth morphism of finite type. We denote by Sch the category of schemes, and for any scheme X, we denote by Sch X (resp. Sm X ) the category of separated X-schemes of finite type (resp. the category of smooth X-schemes). (3) For any pair of adjoint functors (F, G) between two categories, we denote by ad (F,G) : 1 → GF and ad ′ (F,G) : GF → 1 the unit and conuit maps of the adjunction.
REPRESENTABILITY OF ALGEBRAIC G-THEORY
In this section we prove the representability of algebraic G-theory in motivic homotopy categories. We construct a special model which will be used later to study the functorial properties.
2.1. Construction of the model.
2.1.1.
In what follows we deal with the action by algebraic K-theory. Following [TT90] , the action of the K-theory spectrum over G-theory stems from the tensor product of a cohomologically bounded pseudo-coherent complex by a perfect complex. We would like to rectify this action into a morphism of strict presheaves. To do this, we start with the rectification of the tensor product by a free O X -module. This is done by strictifying the direct sum operation.
2.1.2. For any scheme X, we denote by Coh f l (X) the category of cohomologically bounded, pseudocoherent, bounded below complexes of flasque quasi-coherent O X -modules ([TT90, 3.11.5]). If S is a scheme, any S-morphism between smooth S-schemes is lci ([Ful98, B.7.6]), therefore of finite Tordimension ([SGA6, VIII 1.7]).
Definition 2.1.3. Let S be a scheme. For any scheme X ∈ Sm S , we denote by Sm S /X the full subcategory of Sm S whose objects are also X-schemes, i.e. the overcategory of X-objects in Sm S . We define C S (X) as the category where
by adjunction in the derived category is a quasi-isomorphism, (2) for every Y ∈ Sm S /X, the map α Id Y,Y : E Y → E Y is the identity map, 3 We say that a morphism of schemes f : X → Y is local complete intersection (abbreviated as "lci") if it factors as the composition of a regular closed immersion followed by a smooth morphism.
(3) for composable morphisms
in Sm S /X, the composition
agrees with the map α q•p .
•
is the data of a map of complexes η Y : E Y → F Y for every Y ∈ Sm S /X, such that for every morphism p : Y → Z in Sm S /X, the following diagram commutes:
2.1.4. According to the definition in [TT90, 1.2.11], the category C S (X) is a complicial biWaldhausen category with respect to the abelian category of all diagrams of the form 
.5]) such that (1) Every morphism u in C and D factors as u = pi where i is a cofibration and p is a weak equivalence. (2) Every morphism in C whose image in Ho(C) is an isomorphism is indeed a weak equivalence, and the same property holds for D. (3) F induces an equivalence between the homotopy categories Ho(C) ≃ Ho(D).

Then the induced map on
Lemma 2.1.6. For any scheme X, the canonical map between Waldhausen categories
induces a homotopy equivalence between the associated Waldhausen K-theory spaces ([TT90, 1.
5.2]).
Consequently, by [TT90, 3.11] , for any scheme X the K-theory space associated to C(X) is homotopy equivalent to the algebraic G-theory space ([TT90, 3.3 
]).
Proof. It suffices to check that the conditions in Proposition 2.1.5 are satisfied. The first two axioms are standard (see [Cis10, Exemple 2.5]). For the third axiom, we construct a functor b S (X) : Coh f l (X) → C S (X) which is an inverse of a S (X) up to quasi-isomorphism: for E ∈ Coh f l (X) let P (E) be a functorial resolution of E by a cohomologically bounded, pseudo-coherent, bounded above complex of flat quasi-coherent O X -modules, and let b S (X) send E to the following data:
• for every Y ∈ Sm S /X, the complex Go(g * P (E)) in Coh f l (Y ), where Go is the Godement resolution functor, • for every morphism p : Y → Z in Sm S /X, the canonical map
The functor b S (X) is well-defined since any morphism f in Sm S has finite Tor-dimension, and therefore f * preserves cohomological boundedness and pseudo-coherence. It is easy to see that b S (X) is an inverse to a S (X) up to quasi-isomorphism, and the result follows.
Lemma 2.1.7.
(1) The map X → C S (X) defines a (strict) presheaf of sets over the category Sm S .
(2) Let f : T → S be a proper morphism. For any S-scheme X, denote by f X :
the following diagram commutes:
where p T : X T → Y T is the base change of p.
Proof.
(1) Let q : W → X be a morphism in Sm S . The functor Lq * preserves cohomologically bounded pseudo-coherent complexes, and the composition with q identifies Sm S /W as a full subcategory of Sm S /X. Then there is a well-defined map q * :
to the following data: 
The map Lp * Rf Z * E Z T → Rf Y * Lp * T E Z T is a quasi-isomorphism by the Tor-independent base change theorem ([TT90, 2.5.6]), and by assumptions the map (2.1.7.3) is a quasi-isomorphism. Therefore the map f X * : C T (X T ) → C S (X) is well-defined. The commutativity of the diagram (2.1.7.1) follows directly from the construction.
2.1.8. By [ML78, XI.3. Theorem 1], every monoidal category C is equivalent to a strict monoidal category C ⊕ in a strongly monoidal way. For any scheme S and X ∈ Sm S we denote by C S (X) ⊕ the strict monoidal category corresponding to the monoidal category (C S (X), ⊕). In other words, in the category C S (X) ⊕ direct sums are strictly associative, i.e. for any triple (A, B, C) of objects we have an identification (A ⊕ B) ⊕ C = A ⊕ (B ⊕ C). This also makes C S (X) ⊕ a Waldhausen category in a canonical way. By Lemma 2.1.6, we have the following: Lemma 2.1.9. For any scheme X, there is a canonical homotopy equivalence between the Waldhausen K-theory space of C S (X) ⊕ and Thomason's G-theory space G(X).
2.1.10. For any scheme X, denote by V ect f X the category of free vector bundles (of finite rank) over X as a subcategory of V ect X . The category V ect f X is a Waldhausen category by taking isomorphisms as weak equivalences and monomorphisms as cofibrations, and has a monoidal structure by tensor products. We define an action of V ect
The map (2.1.10.1) induces a map between K-theory spectra 
) over the category Sm S , which has a monoidal structure induced by tensor product in V ect X (respectively V ect f X ). Denote by K S = F (K 0 S ), which has the structure of a monoid.
The canonical map
S is a Nisnevich local weak equivalence in the category of pointed motivic spaces over Sm/S, since every vector bundle is Zariski locally free. It follows that the canonical map K 
K S is a module over K S , and we choose G S as a fibrant replacement of the objectḠ
2.2.6. The object G S in the unstable motivic homotopy category H(S) represents Thomason-Trobaugh G-theory:
Lemma 2.2.7. For any X ∈ Sm S there is a canonical isomorphism:
Proof. Since G-theory satisfies Nisnevich descent and homotopy invariance, by Lemma 2.1.9 the object G ⊕ S represents G-theory in H(S), that is, for any X ∈ Sm/S there is a functorial isomorphism:
. Then the lemma follows from the fact that the two objects G ⊕ · and G · are isomorphic in the homotopy category H • (S).
Lemma 2.2.8. For any proper morphism
Proof. Since the construction in 2.1.8 is functorial, for any proper morphism f : W → X and Y ∈ Sm X , the map f * :
which is an exact functor between Waldhausen categories. For any morphism p : Y → Z in Sm X with a Cartesian diagram
the following diagram commutes by Lemma 2.1.7:
Applying the K-theory space functor, we get a functorial map of presheaves of K-theory spaces f * G ⊕ W → G ⊕ X . By construction the two objects G ⊕ · and G · are isomorphic in the homotopy category H(S), and the result follows.
By definition, K 0
S is the presheaf of Quillen K-theory spectra, and since Quillen K-theory agrees with Thomason K-theory for affine schemes ([TT90, 3.9]), there is Nisnevich local weak equivalence between K 0 S and the presheaf of Thomason K-theory. Therefore for any X ∈ Sm S , there is a canonical map (2.2.9.1)
which is an isomorphism if S is regular (see also [Voe98, Theorem 6.5]). Now for any vector bundle E of rank r over S, let x be the class
, and denote by ν(E) the class
By abuse of notation, we still denote by ν(E) its image via the map (2.2.9.1). By [MV99, Proposition 3.2.17] we have an isomorphism (2.2.9.3) T h(E) ≃ P(E ⊕ O X )/P(E).
Since the restriction of ν(E) to P(E) is zero, ν(E) induces a class in [T h(E), K S ] H•(S)
. Via the canonical maps K S ∧ K S → K S and K S ∧ G S → G S , the class of ν(E) induces maps in H • (S):
Lemma 2.2.10. The maps (2.2.9.4) and (2.2.9.5) are isomorphisms.
Proof. The case of K S is known by [Rio10, Lemma 6.1.3.3]. The case of G S is similar: for any X ∈ Sm/S, the map (2.2.9.5) induces a map (2.2.10.1)
where by the isomorphism (2.2.9.3), the group
is identified with the n-th homotopy group of the homotopy fiber of the canonical map (2.2.10.2)
By definition, the composition (2.2.10.3) G n (X) (2.2.10.1)
is given by a → ν ·p * a. Therefore the map (2.2.10.1) is an isomorphism by the projective bundle formula for G-theory (Recall 1.0.3 (8)) and the result follows.
2.2.11. In particular, if E is a trivial bundle of rank 1, we have an isomorphism T h(A 1 ) ≃ P 1 as pointed motivic spaces, and ν(A 1 S ) : P 1 → K S is the image of the Bott class [O(1)] − 1 ∈ K 0 (P 1 S ). Following [Rio06, Définition IV.1] we stabilize the G-theory sheaf as follows: Definition 2.2.12. For any S ∈ Sch S 0 , we define KGL S (respectively GGL S ) as the P 1 -spectrum with KGL S,n = K S (respectively GGL S,n = G S ) for all n and suspension maps (2.2.12.1)
2.2.13. Both spectra KGL S and GGL S are fibrant for the projective model structure since they are degreewise fibrant. We now determine the cohomology theories they represent in the stable homotopy category. 
Since Thom spaces are invertible for the ∧-product in SH, by Lemma 2.2.10 we have the following:
Corollary 2.2.17 (Bott periodicity). For any vector bundle E over S, there is a canonical isomorphism in SH(S):
(2.2.17.1)
FUNCTORIAL PROPERTIES OF THE G-THEORY SPECTRUM
In this section we study functorial properties of the G-theory spectrum, especially its contravariance with respect to the exceptional inverse image functor f ! . Using such a result we identify algebraic Gtheory with the Borel-Moore theory associated to algebraic K-theory.
Contravariant functoriality.
Lemma 3.1.1. For any smooth morphism f : Y → X, there is a canonical isomorphism
Proof. For any W ∈ Sm/Y , by Corollary 2.2.16 we have a canonical isomorphism (3.1.1.3) and the result follows.
3.1.2. The following lemma is straightforward from Lemma 2.2.8 by stabilization:
agrees with φ (f •g) .
3.1.4. The map φ f can be understood as follows: for any V ∈ Sm/X, the map on G-groups 
where f and g are smooth and p and q are proper, the following diagram commutes:
(3.1.5.2) 3.1.6. We use the following notation: given two composable morphisms 
On the other hand, by Lemma 3.1.3 and adjunction, for any proper morphism f : W → X, we have a map
It is then clear that the formation of the maps (3.1.7.1) and (3.1.7.2) are compatible with compositions of open immersions and proper morphisms respectively. These two types of maps are compatible by the following lemma:
Lemma 3.1.8. For any commutative square of schemes
Proof. If the diagram is Cartesian, the result follows from Lemma 3.1.5. In the general case the canonical morphism V → Y × X U is an open and closed immersion, and the result follows from the Cartesian case.
3.1.9. Since every separated morphism of finite type f has a compactification by our assumptions ( [Con07] ), namely a factorization f = p • j where p is proper and j is an open immersion, using the technique in [SGA4, XVII], we have the following functoriality by gluing maps (3.1.7.1) and (3.1.7.2): Proposition 3.1.10. There is a unique family of maps ψ f :
Proof. We know that for every morphism the category of its compactifications is non empty and left filtering. For a morphism f with f = p • j a compactification, we set ψ f = ψ p · ξ j . By Lemma 3.1.8, the map ψ f is well-defined and independent on the choice of compactification. The properties (1) and (2) and the uniqueness are satisfied by definition. The property (3) follows by applying Lemma 3.1.8 again.
Proposition 3.1.11. For any separated morphism of finite type f , the map ψ f is an isomorphism.
The statement is local, and by localizing f , we only need to show the case where f is quasi-projective. Therefore by Proposition 3.1.10 we only need to deal with three cases: open immersions, closed immersions, and the projection of a projective space. The open immersion case is Lemma 3.1.1, and the two remaining cases will follow from Proposition 3.1.12 and Proposition 3.1.14 below. (1) The map φ i : i * GGL Z → GGL X identifies i * GGL Z canonically with homotopy fiber of the canonical map
(1) For any smooth X-scheme X ′ , denote 
([Ayo07, Proposition 1.4.9]), by Lemma 3.1.1 we know that the map i * GGL Z → i ! i ! GGL X induced by ψ i is an isomorphism. The result then follows from the fact that the functor i * = i ! is conservative ([Ayo07, 1.4.1]).
(3.1.14.4)
Therefore applying the functor
, the map (3.1.14.2) becomes (3.1.14.5) 
where 1 ∈ K 0 (P r Y ) is the unit element. Therefore the map (3.1.14.5) is indeed the identity map, and by Lemma 3.1.1, the map 3.1.14.2 agrees with the map χ p , which finishes the proof.
This finishes the proof of Proposition 3.1.11, which can also be stated in the form of Theorem 1.0.10.
3.2.
On the smooth functoriality. In this section we show that the smooth functoriality in Definition 3.1.13 and the one in Proposition 3.1.10 are compatible.
3.2.1. Recall that by Definition 3.1.13, for any smooth morphism f : X → S, there is a canonical isomorphism ξ f : GGL Y ≃ f ! GGL X . In this section we check its compatibility with the map ψ f . We use the notations in 3.1.6 for compositions of maps between GGL. Proof. The statement follows from the fact that purity isomorphisms, Bott periodicity maps and the map χ p are compatible with compositions. 
where i and k are closed immersions and f and g are smooth, then
Proof. The result follows from Lemma 3.1.8 and the fact that purity isomorphisms and Bott periodicity isomorphisms are compatible with base change. 
is the identity map.
Proof. By considering the diagram
we are reduced to show that the commutativity of the following diagram:
Denote by j : U → X the open complement to i : S → X. By Proposition 3.1.12, the map φ i identifies i * GGL S with the homotopy fiber of the canonical map GGL X → j * GGL U . By localization triangle (3.1.12.3), the upper horizontal map in the diagram (3.2.4.3) identifies i * i ! f ! GGL S with the homotopy fiber of the canonical map f ! GGL S ad (j ! ,j * ) 
Proof. We have the following commutative diagram 
and the result follows. Proof. We have the following commutative diagram 
and the result follows. 
The map ξ f is well-defined and does not depend on the choice of factorization.
X is another such factorization, we have the following commutative diagram
(3.2.9.1) 
and therefore the map is well-defined and independent of the factorization. The uniqueness follows from definition.
3.2.10. Since every quasi-projective morphism factors as a closed immersion followed by a quasiprojective smooth morphism, the following result follows from Proposition 3. Proof. If p : X → S is a smoothable morphism, there is a non-empty open subscheme U of X which is quasi-projective over S, and the reduced complement Z = X − U is smoothable over S. Denoting by j : U → X and i : Z → X the two immersions, since the pair of functors (i ! , j ! ) is conservative, the result holds for the morphism X → S if and only if it holds for both morphisms U → S and Z → S. We conclude by Corollary 3.2.11 and noetherian induction.
Remark 3.2.14. The ring spectrum KGL is indeed orientable ([Dég18, Example 1.1.2 (4)]), and a fortiori so is GGL as a module over KGL. But this fact has never been used throughout Chapter 3, and in particular we know that the functoriality of GGL from Proposition 3.1.11 in fact does not depend on the choice of an orientation.
3.3. G-theory as a Borel-Moore theory. In this section we identify algebraic G-theory as the BorelMoore theory associated to algebraic K-theory, in a way compatible with different functorialities. We fix S ∈ Sch S 0 a regular scheme.
Recall 3.3.1. If E is an oriented absolute ring spectrum ([Dég18, Definition 2.1.1]), we can associate a Borel-Moore theory as follows: for any separated morphism of finite type p : X → S and n, m ∈ Z, we define It has the following natural functorialities:
• For every proper morphism p : Y → X, we have p * : E BM n,m (Y /S) → E BM n,m (X/S) given by normal cone. 4 We claim that the composition G n (X)
is given by the contravariant functoriality G n (X) → G n (N Z X). Indeed, the very argument of [Jin16, Proposition 2.30] applies: using the (double) deformation to the normal cone, we are reduced to the case where i : Z → A 1 Z is the zero section, and in this case ∂ is a retraction of γ t . 5 The result then follows from the naturality of the contravariant functoriality of G-theory. where the right hand side is the spectrum representing Borel-Moore motivic homology with rational coefficients, which is a Chern character map that generalizes the Chern character at the level of motivic spectra in [Rio10, Definition 6.2.3.9] to singular schemes. Using the construction of Gysin morphisms ([Dég18, Definition 3.3.2], which has been extended to a more general setting in [DJK18] ), it is proved that the map ch satisfies compatibilities with proper functoriality and Gysin morphisms, which generalizes the statement in [Ful98, Theorem 18.3] . This result is proved mostly with tools from A 1 -homotopy theory and the six functors formalism, without using MacPherson's "graph construction" method in [Ful98, §18] .
